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We give a precise theoretical description of initially aligned sets of orthogonal gyroscopes
which are transported along different paths from some initial point to the same final point in
spacetime. These gyroscope systems can be used to synchronize separated observers’ spatial
frames by free fall along timelike geodesics. We find that initially aligned gyroscope systems,
or spatial frames, lose their synchronization due to the curvature of spacetime and their
relative motion. On the basis of our results we propose a simple experiment which enables
observers to determine locally whether their spacetime is described by a rotating Kerr or a
non-rotating Schwarzschild metric.
I. INTRODUCTION
Gravity in general relativity is described by the curvature of spacetime. So a question that
naturally arises is how observers may determine this curvature in their local neighborhood [1] by
its effects on physical objects, like point particles and spinning gyroscopes. The most commonly
discussed such effect is the relative acceleration between freely falling point particles near an ob-
server’s position. Mathematically, this is described by the Jacobi equation and hence sourced by
the so-called electric components of the Riemann tensor [2].
In this article we will describe the effects of curvature on relatively moving gyroscope systems
in detail. Concretely, we will consider two sets of gyroscopes that define an orthogonal system of
spatial axes; these are synchronized at some initial point of spacetime; then they are transported
along different paths to a nearby final point where their axes are compared. It will turn out
that the so-called magnetic components of the Riemann tensor cause a loss of synchronization of
the gyroscope systems which adds to non-gravitational effects coming from their relative velocity
and relative acceleration. Mathematically speaking, this generalizes the statement of the path-
dependence of parallel transport on curved spacetimes into a statement about the path-dependence
of Fermi–Walker transport. Physically speaking, we will show that the loss of synchronization of
initially aligned gyroscope axes can be interpreted as the relative rotation of observers’ spatial
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2frames induced by gravity and their relative motion.
Experiments and calculations that study the effects of spacetime curvature on gyroscopes have
been considered before, e.g. in [1–5]. In contrast to earlier theoretical approaches, however, we
construct a fully realizable synchronization and comparison procedure for the gyroscopes through
timelike free-fall propagation. Moreover, our calculation is fully covariant and applies to arbitrary
spacetimes; neither does it require a time-space split nor the metric perturbation theory of the
parametrized post-Newton formalism.
As an application of our new results we will discuss a local experiment which enables observers
to decide whether the spacetime they are living in is of Kerr or Schwarzschild type, i.e., whether
it possesses angular momentum or not. This is achieved locally without referring to observers or
other quantities defined at infinity or using spacetime perturbation theory. We simply need to
study the curvature induced relative rotation of gyroscope systems for local observers.
We will begin in section II by reviewing some mathematical concepts needed to analyze the
curvature effects on gyroscope motion. In addition, we will develop the Fermi–Walker transport of
gyroscopes along non-differentiable worldlines which is required to generalize the path-dependence
theorem. In section III we will describe how observers may use gyroscope systems to synchronize
their spatial frames. Our main result Theorem 1 (which we will prove in full mathematical detail
in the appendix A) then connects the desynchronization of gyroscope systems to the magnetic
components of the Riemann tensor. We will then derive Theorem 2 that interprets our results in
terms of relative local rotations of observers’ spatial frames of reference. In section IV we will apply
our findings to demonstrate that a simple local gyroscope experiment can distinguish between Kerr
and Schwarzschild spacetime. We will conclude with a discussion in section V.
II. TRANSPORT OF VECTORS AND GYROSCOPES IN SPACETIME
Before we study how curvature effects gyroscopes, we review and develop some mathematical
preliminaries. First, in section II A, we recall the notion of covariant Taylor series on metric
manifolds (M, g) and the standard theorem about the connection between parallel transport along
different paths and the Riemann curvature tensor. Then, in section II B, we clarify the basic
properties of a gyroscope and review its motion through spacetime. Finally, in section II C, we
derive new results on the motion of gyroscopes along non-differentiable worldlines. The latter are
needed for a precise description of the motion of the gyroscope systems considered in section III.
3A. Covariant Taylor expansions and path-dependence
The covariant Taylor expansion on metric manifolds (M, g) is a way to expand tensors around
a point p in M such that the coefficients of the Taylor series are covariant objects; details can be
found in [6]. Here, we only discuss the first order expansion of vector fields since this is all we will
require below.
Consider a curve γ : t 7→ γ(t) through γ(0) = p and a vector field X(γ(t)) along this curve.
Let {pµ(γ(t))} with µ = 0, . . . , 3 be a basis of Tγ(t)M which is parallelly transported along γ, i.e.,
∇γ˙pµ = 0. Observe that this implies
∇γ˙X = γ˙(Xµ) pµ . (1)
Now we express X(γ(t)) in the parallelly transported basis and then Taylor expand the components
to equate
X(γ(t)) = Xµ(γ(t))pµ(γ(t)) =
[
Xµ(γ(0)) + t γ˙(Xµ)(γ(0))
]
pµ(γ(t)) +O(t2) . (2)
Combining these formulae shows that this expansion is in fact a covariant Taylor expansion with
Xµ(γ(t)) = Xµ(γ(0)) + t (∇γ˙X)µ(γ(0)) +O(t2) . (3)
This type of expansion will be used repeatedly in the appendix A where we will prove Theorem 1
of section III. Another small but important fact following from (1) is that the components of a
parallelly transported vector field with respect to a parallelly transported basis are constant along
the path.
A well-known mathematical theorem states that the Riemann curvature of metric manifolds
(M, g) measures the difference of the parallel transports of an initial vector along two different
paths to the same final point.
More precisely, consider two commuting vector fields X and Y on M with [X,Y ] = 0. Now
moving from p first along an integral curve of X for parameter distance t, then along an integral
curve of Y for parameter distance s (path 1) reaches the same final point as moving from p
first distance s along Y , then distance t along X (path 2). The final points for different t, s
form a surface γ : (t, s) 7→ γ(t, s) with p = γ(0, 0) and partial derivatives γ˙(t, s) = X(γ(t, s)) and
γ′(t, s) = Y (γ(t, s)), see figure 1. Let Z ∈ TpM be an initial vector at the point p ∈ M . We
write Z(1) and Z(2) for the vector fields generated from this vector by parallel transport along the
respective paths 1 and 2. With this notation the theorem states [7]:
Z(2)(γ(t, s))− Z(1)(γ(t, s)) = ts (R(X,Y )Z)(p) +O((t, s)3) . (4)
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FIG. 1. Parallel transport of a vector along two different paths.
The central result of this paper, Theorem 1, will be a generalization of this theorem. It shows
that the path-dependence of the Fermi–Walker transported spin axes of gyroscope systems is related
to the Riemann curvature tensor and their relative motion. We will show that this has a nice
physical interpretation: gravity induces a relative rotation on all spatially separated frames of
reference and thus on all physical objects.
B. Basic gyroscope motion
The physics of a gyroscope is characterized by an intrinsic angular momentum vector field S
defined along the timelike worldline γ : t 7→ γ(t) with unit normalized four-velocity, g(γ˙, γ˙) = −1.
The field S satisfies two requirements:
(1) S is spatial in the gyroscope’s reference frame, i.e., g(S, γ˙) = 0;
(2) no torque is applied to the gyroscope; following [8] this means ∇γ˙S ∼ γ˙.
By differentiating the first condition along the worldline and projecting the second condition on
the direction γ˙, one finds the transport equation for S:
∇γ˙S = g(∇γ˙ γ˙, S) γ˙ . (5)
We emphasize that the unit normalization of γ˙ is crucial for this equation to hold; it is not invariant
under rescalings of γ˙. The above transport law for the intrinsic angular momentum of a gyroscope
is known as Fermi–Walker transport.
The gyroscope transport equation implies that the normalization g(S, S) > 0 stays constant
along the worldline γ. This fact can be used to show that the axis of rotation defined by the
5normalized vector field eS = S/
√
g(S, S) satisfies the same equation as S. Now consider a system
of three gyroscopes with initially orthonormal rotation axes eα for α = 1, . . . , 3. Then the initial
orthonormality g(eα, eβ) = δαβ of this system is preserved along the worldline, since
γ˙(g(eα, eβ)) = 2 g(∇γ˙e(α, eβ)) = 2 g(∇γ˙ γ˙, e(α) g(eβ), γ˙) = 0 . (6)
Hence an orthonormal system of gyroscopes always will stay orthonormal, no matter how it moves.
In particular the system could be arbitrarily accelerated and rotated.
The last ingredient missing before we can describe the synchronization of spatial frames is the
transport of gyroscopes along non-differentiable worldlines. The difficulty here is to guarantee that
the gyroscope axes stay spatial with respect to their actual worldline tangent.
C. Gyroscopes on non-differentiable worldlines
An observer with a gyroscope could decide at some point t0 in time to move it around in his
laboratory. In an idealized situation, the worldline γ of this gyroscope that followed the worldline
of the observer for t < t0 would then non-differentiably branch off at γ(t0). Hence
e0 = lim
t↗t0
γ˙(t) 6= lim
t↘t0
γ˙(t) = f0 . (7)
Here the gyroscope transport equation (5) can only be applied on the domains t < t0 and t > t0.
There it ensures that the intrinsic angular momentum S always stays spatial, i.e., orthogonal
to γ˙, which is realized by infinitesimal pure Lorentz boosts in the planes spanned by γ˙ and the
acceleration ∇γ˙ γ˙.
However, at t0 the notion of space abruptly changes. There the final intrinsic angular momen-
tum S<(t0) reached along t < t0 which is orthogonal to e0 has to be mapped by hand into a
corresponding value S>(t0) orthogonal to f0 that may serve as initial condition for further trans-
port for t > t0. The relevant map is the unique finite pure Lorentz boost Λ that maps e0
Λy f0
without involving any spatial rotation.
In order to find this map we consider the generators for boosts in the plane spanned by 〈e0, f0〉,
where we write f0 = f
µ
0 eµ with respect to an orthonormal basis {eµ} with µ = 0 . . . 3. These
generators have components
ωµν = 2 e
[µ
0 f
ρ]
0 ηρν = 2 δ
[µ
0 f
ρ]
0 ηρν . (8)
Exponentiation Λ = exp(ωλ) with parameter λ determined so that Λ(e0) = f0 then yields the
6Lorentz transformation matrix
Λµν =
 f00 f0β
fα0 δ
α
β +
f00−1
|~f0|2 f
α
0 f0β
 (9)
with respect to the basis {eµ}, where |~f0|2 = δαβfα0 fβ0 and spatial indices α are lowered with δαβ.
The application of this Lorentz transformation to an intrinsic angular momentum vector S< =
S<αeα orthogonal to e0 yields after some rewriting
S> = S< +
g(f0, S
<)
1− g(f0, e0)(f0 + e0) . (10)
This formula shows that the difference S> − S< indeed lies in the plane 〈e0, f0〉. Moreover, it is
not difficult to check that S> is now spatial with respect to the new time direction, g(f0, S
>) = 0,
and has the same length as before the Lorentz boost, g(S>, S>) = g(S<, S<).
III. RELATIVE GYROSCOPE ROTATIONS
This is the central section of this article, where we will analyze in detail the spacetime ef-
fects on gyroscope systems by considering the path-dependence of gyroscope, or Fermi–Walker,
transport. We will show that two systems of initially synchronized gyroscopes that form aligned
orthonormal spatial frames of reference gradually lose their synchronization. The effects come from
non-vanishing magnetic components of the Riemann tensor and the relative velocity and accelera-
tion of the gyroscope systems. Our results are presented in the form of two theorems. Theorem 1 in
section III A establishes the details of gyroscope desynchronization, and Theorem 2 in section III B
provides a physical interpretation in terms of measurable relative rotations of the gyroscope axes
and spatial observer frames.
A. Curvature effects on gyroscope transport
Consider a freely falling observer who prepares two aligned copies of a system of three gyroscopes
with axes that represent her spatial orthonormal frame. Let a second observer move along an
arbitrary timelike worldline in some small distance to the first. In order to equip the second
observer with a synchronized gyroscope system, the first initiates the free fall of one of the two
aligned gyroscope systems to the second. Then both observers propagate with their gyroscope
systems through spacetime. After some time they wish to compare their gyroscope systems. To
do so, the first observer initiates another free fall of her remaining gyroscope system to the second
7observer, who now compares the axes of both gyroscope systems. In general, it will turn out
that the gyroscopes have lost their synchronization. We will see that to first non-trivial order
this desynchronization is sourced not only by the Riemann curvature tensor of spacetime but
also by contributions depending on the relative velocity and relative acceleration between the two
observers.
Mathematically, we describe the spacetime effects on gyroscope systems by a two-surface (t, s) 7→
γ(t, s) with parameters t and s. For fixed t or s this surface can be understood as a family of
curves with respective tangents γ˙ = ∂tγ or γ
′ = ∂sγ. We have [γ′, γ˙] = 0. The freely falling first
observer moves on the geodesic t 7→ γ(t, 0) with (∇γ˙ γ˙)|(t,0) = 0; this can be parametrized so that
g(γ˙, γ˙)|(t,0) = −1. The second observer moves along the timelike trajectory t 7→ γ(t, s) for some
fixed s without further special properties. The free fall of the gyroscope systems from the observer
on γ(t, 0) to the observer on γ(t, s) takes place along timelike curves s 7→ γ(t, s) for fixed t which
are again geodesics with ∇γ′γ′ = 0.
(0,s)
(2)
e
(2)
f(2)
f(2)
e
(1)
e
(1)f(1)
e
e
e
(0,0)
(t,0)
(t,s)
e
FIG. 2. Motion of initial gyroscope axes e at γ(0, 0) to final gyroscope axes f (1) and f (2) at γ(t, s) along
different paths: (1) via γ(t, 0), and (2) via γ(0, s). Finite Lorentz boosts changing orthogonality to γ˙ into
orthogonality to γ′ are indicated by y, the reverse change by x.
The gyroscope transport can now be performed as illustrated in figure 2. The freely falling
observer with worldline t 7→ γ(t, 0) prepares two identical spatial orthonormal gyroscope systems
with axes eα(0, 0) at γ(0, 0). One copy is transported freely falling along s 7→ γ(0, s) to a second
observer with worldline t 7→ γ(t, s); since eα(0, 0) is orthogonal to γ˙(0, 0), this motion must involve
a finite Lorentz boost eα(0, 0) 7→ e(2)α (0, 0) to keep the orthogonality between the gyroscope axes to
their worldline tangent γ′(0, 0). Now the transport equation (5) can be applied. When the second
8observer receives the gyroscope at γ(0, s) another Lorentz boost has to be applied to ensure that the
gyroscope axes become orthogonal to the second observers worldline e
(2)
α (0, s) 7→ f (2)α (0, s) ⊥ γ˙(0, s).
This procedure defines the initial synchronization of the two observers’ gyroscope systems eα(0, 0)
and f
(2)
α (0, s). Now both observers transport their gyroscope systems for some time t. The resulting
f
(2)
α (t, s) provide the final axes orientations of the second observer that must be compared to those
of the gyroscope system eα(t, 0) of the first observer at γ(t, 0). To do this the latter must be moved
to the point γ(t, s); this involves the finite Lorentz boost eα(t, 0) 7→ e(1)α (t, 0) ⊥ γ′(t, 0), followed
by a free fall to e
(1)
α (t, s) and another finite Lorentz boost e
(1)
α (t, s) 7→ f (1)α (t, s) ⊥ γ˙(t, s).
The two paths along which the copies of gyroscope systems are transported can be summarized
as follows, where
X−→ indicates the use of the gyroscope transport equation along the tangent
vector X and
Λy the application of a finite Lorentz boost Λ:
(1) : eα(0, 0)
γ˙(t,0)−→ eα(t, 0)
Λ11(t)y e(1)α (t, 0)
γ′(t,s)−→ e(1)α (t, s)
Λ12(t,s)y f (1)α (t, s) (11)
(2) : eα(0, 0)
Λ21y e(2)α (0, 0)
γ′(0,s)−→ e(2)α (0, s)
Λ22(0,s)y f (2)α (0, s)
γ˙(t,s)−→ f (2)α (t, s) .
Note that the resulting gyroscope systems f
(1)
α (t, s) and f
(2)
α (t, s) of the two observers that are to
be compared now are both orthogonal to γ˙(t, s). The result of this transport of frames can be
stated as follows:
Theorem 1. Let γ : (t, s) 7→ γ(t, s) be a two-dimensional surface embedded in a spacetime (M, g)
so that (∇γ˙ γ˙)|(t,0) = 0 with g(γ˙, γ˙)|(t,0) = −1, and ∇γ′γ′|(t,s) = 0. Let eα(0, 0) ⊥ γ˙(0, 0) be an
orthonormal spatial frame which is Fermi–Walker transported (as a gyroscope system) into frames
f
(1)
α (t, s) or f
(2)
α (t, s) at γ(t, s) along either path (1) or path (2) stated above in equation (11). Then
f (2)α (t, s)− f (1)α (t, s) = st
(
P⊥γ˙ (R(γ˙, γ
′)eα) + ∆Λβαeβ
)
|(0,0) +O(t2, (s, t)3) , (12)
where P⊥γ˙ = δ + nγ˙ ⊗ g(nγ˙ , ·) is the projection orthogonal to γ˙. The term ∆Λ is sourced by the
relative velocity v = ∇γ˙γ′ and acceleration a = ∇γ˙∇γ˙γ′; with N = 1− g(γ˙, nγ′),
∆Λβα|(0,0) =
1
N
[
g(nγ′ , eα)a
β−g(a, eα)nβγ′+
1
N
g(v, nγ′ + γ˙)√|g(γ′, γ′)| (g(nγ′ , eα)vβ−g(v, eα)nβγ′)
]
|(0,0)
. (13)
We present the details of the rather lengthy proof of this theorem in appendix A. As mentioned
before, this theorem generalizes the well-known result on the path-dependence of parallel transport,
see section II A. Here the deviation of the frames f
(1)
α and f
(2)
α due to the path dependence of
Fermi–Walker transport is interpreted as the desynchronization of two gyroscope systems. This is
caused on the one hand by the Riemann curvature tensor of spacetime, and on the other hand by
9contributions ∆Λ from Lorentz boosts that still appear on flat spacetime. The contributions from
the Rimeann tensor are related to the so called Lense-Thirring and geodetic effect, while those
from the Lorentz boosts are related to the Thomas precession and capture the simple fact that
the second observer in general is boosted and rotates relatively to the first. There is no Thomas
precession in case that the spatial part of the relative velocity and acceleration stay parallel to the
spatial initial direction γ′ of separation between the two observers.
B. Local rotation theorem
We will now reformulate the result of Theorem 1 on the desynchronization of gyroscope systems
into a statement on their relative rotation induced by the gravitational field. This can also be
interpreted as the relative rotation of two nearby observers whose spatial frames coincide with the
respective gyroscope systems.
In order to do so, a first observer prepares two aligned sets of three gyroscopes with orthonormal
spin axes, representing her spatial frame. One of the gyroscope systems is passed to a second nearby
observer via free-fall. When received by the second observer it is still orthonormal, and so can be
used to define the second observer’s spatial frame. As a consequence of this procedure, both
observers consider their spatial frames to be aligned. After some time the first observer passes the
remaining set of gyroscopes to the second who compares the alignment of both gyroscope systems
and deduces a relative rotation of the spatial frames from their desynchronization. The result is
summarized in the following theorem:
Theorem 2. Consider a freely falling observer (1) with orthonormal frame {eµ} at some point p of
a metric manifold (M, g), and a general second observer (2) separated from the first by parameter
distance s along a timelike geodesic through p with tangent X. Then the gravitational field and the
observers’ relative motion induce a relative spatial frame rotation ∆Ω = Ω(2) − Ω(1) given by
∆Ωβα(s)eβ = s
(
P⊥e0(R(e0, X)eα) + Ξ
β
αeβ
)
+O(s2) , (14)
where, writing M = 1− g(e0, nX), and v and a for the observers’ relative velocity and acceleration,
Ξβα =
1
M
[
g(nX , eα)a
β − g(a, eα)nβX +
1
M
g(v, nX + e0)√|g(X,X)| (g(nX , eα)vβ − g(v, eα)nβX)
]
. (15)
Before we prove this theorem, we recall that a general observer on a worldline with unit normal-
ized four-velocity e0 and orthonormal spatial axes eα (defined as vector fields along the worldline)
10
is described by the equations
∇e0e0 = Aαeα , ∇e0eα = Aαe0 + Ωβαeβ . (16)
The first equation describes the covariant acceleration and turns into geodesic motion for Aα = 0.
The second equation, for Ω 6= 0, describes the rotation of the spatial frame in time.
Proof of Theorem 2. The measurement of the relative rotation of two observers is performed
by comparing spatial frames of reference that are modelled by gyroscope systems as described
in Theorem 1. Hence we identify the frame vectors eµ ≡ eµ(0, 0), where e0(0, 0) = γ˙(0, 0), and
X ≡ γ′(0, 0). We begin by applying the covariant time-derivative ∇nγ˙ at t = 0 to equation (12),
which yields
∇nγ˙f (2)α (0, s)−∇nγ˙f (1)α (0, s) = s
(
P⊥γ˙ (R(γ˙, γ
′)eα) + ∆Λβαeβ
)
|(0,0) +O(s2) . (17)
Since nγ˙ ≡ f (1,2)0 completes both spatial frames f (1,2)α into complete orthonormal frames, the left
hand side can be written as in equation (16),(
A(2)α (0, s)−A(1)α (0, s)
)
nγ˙(0, s) + Ω
(2)β
α(0, s)f
(2)
β (0, s)− Ω(1)βα(0, s)f (1)β (0, s) , (18)
where Ω(2) describes the frame rotation of the second observer, while Ω(1) describes the frame
rotation of the first observer as seen from the perspective of the second. Both gyroscope sys-
tems f (1) and f (2) move along the same worldline, so that ∇nγ˙nγ˙ = A(1)αf (1)α = A(2)αf (2)α ; then,
since f
(1)
α (0, s) = f
(2)
α (0, s), the covariant acceleration terms above vanish. In consequence, expres-
sion (18) simplifies to
(
Ω(2)βα(0, s)− Ω(1)βα(0, s)
)
f
(2)
β (0, s) . (19)
Now observe that Ω(1,2)(0, s) ∼ O(s). To see this, we can rewrite
A(1,2)α (0, 0)e0(0, 0) + Ω
(1,2)β
α(0, 0)eβ(0, 0) = ∇nγ˙f (1,2)α (0, 0) (20)
=
(∇nγ˙f (1,2)α (t, 0))|t=0 = (∇nγ˙eα(t, 0))|t=0 = 0
since the derivative does not act on the s-dependence, since by construction f
(1,2)
α (t, 0) = eα(t, 0)
because the combined finite Lorentz boosts become trivial, and since the eα(t, 0) are parallelly
transported. This indeed implies the condition of a vanishing zeroth order Ω(1,2)βα(0, 0) = 0.
Hence we can replace f
(2)
α (0, s) in (19) by its zeroth order expressions f
(2)
α (0, 0) = eα(0, 0). This
finally yields (
Ω(2)βα(0, s)− Ω(1)βα(0, s)
)
eβ(0, 0) = ∆Ω
β
α(s)eβ(0, 0) (21)
11
for the left hand side of (17). The components Ξβα arise from the ∆Λ
β
α by the frame vector
identifications made above. This completes the proof. 
In order to give a precise description of a spatial frame of reference, observers need to have a
stable notion of spatial axes. Experimentally, this can be realized by means of gyroscope systems.
Theorem 2 tells us the interesting fact, that observers who align their spatial frame at some time will
lose this synchronization due to gravitational effects and relative motion effects. In order to uphold
aligned spatial frames in spacetime, observers have to counterbalance these effects continually.
One also observes that the gravitational effects on the rotation of spatial frames of reference
are sourced by the magnetic Rβα0δ components of the Riemann tensor with respect to the first
observer’s frame, since P⊥γ˙ (R(γ˙, γ
′)eα) = Rβα0δγ′δ eβ. This provides a nice picture of the Riemann
tensor when combined with the Jacobi-equation which tells us that the Rα0β0 components of the
Riemann tensor are responsible for the relative acceleration between nearby observers.
IV. ILLUSTRATION: SCHWARZSCHILD OR KERR SPACETIME?
In this section we will illustrate our results for Kerr and Schwarzschild spacetime. We propose
a very simple local experiment which enables observers to determine which of these backgrounds
describes their central mass, or, intuitively, whether their spacetime has angular momentum or not.
More precisely, we will demonstrate that there exists a class of observers on Kerr spacetime which
see an additional relative rotation of nearby gyroscope systems caused by the angular momentum
parameter in the metric, while the analogue class of observers on Schwarzschild spacetime does not
observe this effect.
We follow the notation from [9] in this section. Consider the metric g of Kerr spacetime in
Boyer-Lindquist coordinates (t, r, θ, φ),
g = −(1− rsr
Σ
)
dt2 − 2rsar sin
2 θ
Σ
dtdφ+
Σ
∆
dr2 + Σdθ2 +
(
r2 + a2 +
rsa
2r sin2 θ
Σ
)
sin2 θdφ2 (22)
with Σ = r2+a2 cos2 θ and ∆ = r2−rsr+a2, where rs is the Schwarzschild radius and a the angular
momentum parameter. Moreover, consider a general stationary observer on Kerr spacetime whose
frame {eµ} is given by
e0 = Γ(∂t + Ω∂φ), e1 =
√
∆
Σ
∂r, e2 =
1√
Σ
∂θ, e3 =
Γ√
∆ sin θ
(
(gtφ + Ωgφφ)∂t− (gtt + Ωgtφ)∂φ
)
,
(23)
where Γ =
√−gtt − 2Ωgtφ − Ω2gφφ and the parameter Ω is the observer’s angular velocity.
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According to Theorem 2, the spatial frames of nearby observers, or nearby spatial gyroscope
systems, rotate relatively to each other due to the non-vanishing Rβαγ0 components of the Riemann
tensor. We now calculate this tensor in the chosen stationary frame; it can best be expressed in
Petrov index notation, where the antisymmetry in the index pairs [µν], [ρσ] and the exchange
symmetry of these pairs in Rµνρσ are used to identify all Riemann tensor components with a
symmetric 6 × 6 matrix. The six-indices are ordered as [01], [02], [03], [12], [13], [23]. In our case
this matrix takes the form
R[µν][ρσ] ∼

A B 0 0 C D
B F 0 0 E −C
0 0 G H 0 0
0 0 H −G 0 0
C E 0 0 −F B
D −C 0 0 B −A

, (24)
in terms of rather involved functions A,B,C,D,E, F,G and H that depend on the coordinates r, θ
and the parameters rs, a and Ω. Below the only relevant functions will be C and D. Using some
short-hand notation displayed in appendix B1, their structural form is
C =
3rsr sin θ
√
a2 + r(−rs + r)C0(1 + C1Ω + C2Ω2)
32Σ5(gtt + 2gtφΩ + gφφΩ2)
,
D =
ars cos θD0(D1 +D2Ω +D3Ω
2)
32
√
2Σ5(gtt + 2gtφΩ + gφφΩ2)
. (25)
We may now imagine the following simple experiment: Consider two stationary observers, the
first moving along a geodesic and the second moving along some wordline at fixed spatial distance
in the radial e1-direction. These observers could be realized either via two satellites, or by one
geodetically moving satellite and a second observer on the surface of the central mass. Now the
two observers perform the gyroscope transport experiment. The geodesic observer prepares two
systems of gyroscopes which are aligned at her position. One of these systems is sent to the second
observer immediately, the other system after some time has passed. Then the second observer
compares the two different gyroscope systems. Their relative rotation is given by formula (14) in
Theorem 2. This formula simplifies considerably because the two different observers are at fixed
distance; hence their relative velocity and relative acceleration vanishes. Moreover, the timelike
direction X along which the gyroscopes were transported between the observers has only radial
spatial components. Hence,
∆Ωβα(s)eβ = s P
⊥
e0(R(e0, X)eα) +O(s2) = sRβα01X1 eβ +O(s2) , (26)
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where the relevant curvature components can be read off from equation (24). This yields
∆Ωβα(s) = s

0 0 C
0 0 D
−C −D 0
X1 +O(s2) . (27)
This result has the following effects. Gyroscopes initially synchronized along the e2-direction
experience a desynchronization by
∆Ωβ2(s)eβ = sDX
1e3 , (28)
while gyroscopes initially synchronized along e1 are subject to a relative change due to
∆Ωβ1(s)eβ = sCX
1e3 . (29)
Now observe that in the zero angular momentum limit a → 0 the function D vanishes but C
does not. This means there occurs no desynchronization for gyroscopes initially pointing into the
e2-direction in Schwarzschild spacetime. This identifies equations (28) and (29) respectively as
non-perturbative covariant versions of the Lense-Thirring effect and the geodetic effect [5]. Thus,
using gyroscopes initially pointing in the azimuthal direction, stationary observers can answer the
question, whether their spacetime is rotating or not. Crucially, this can be achieved by a local
experiment without the need of global information at infinity, or spacetime perturbation theory.
V. DISCUSSION
In this article we have carefully analyzed the effects of curved spacetime on gyroscope motion.
We investigated how initially aligned gyroscope systems moving relatively to each other through
spacetime lose their synchronization. As our central result, we have proven Theorem 1 which
makes it clear that this desynchronization is caused by the magnetic components of the Riemann
curvature tensor and by the relative motion of the gyroscope systems. In order to derive this
result we studied the path dependence of Fermi–Walker transport: spin axes were transported
along different paths between the same initial and final points in spacetime, taking care of subtle
non-differentiability issues. Our results extend the well-known theorem about the path-dependence
of parallel transport. A direct physical consequence of Theorem 1 is the relative rotation of spatial
observer frames as we have derived in Theorem 2. This result shows that even if two observers at
a fixed distance in a laboratory initially align their spatial frames, they will in general lose this
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synchronization. In order to keep their spatial frames synchronized, they must counterbalance a
rotation induced by the curvature of spacetime.
In general, equation (14) of Theorem 2 catches in a fully covariant way and without involving
spacetime perturbations the geodetic and frame dragging effects as well as the Thomas precession.
The first two effects are encoded in the curvature contributions, while the Thomas precession,
as a special relativistic effect, appears in the velocity and acceleration dependent second term,
see (15). A comparison to standard formulae for these effects is desirable; it would require a
detailed analysis of the different experimental setups used for the derivations and, moreover, a
rewriting of our covariant expressions in terms of a suitable time-space split and a post-Newtonian
approximation.
As an application of our new results we proposed a local gyroscope experiment which enables
stationary observers to decide whether their spacetime possesses angular momentum in the sense
of the Kerr metric or not. If this experiment was realized, it could support the data about frame
dragging and the geodetic effect collected by the Gravity Probe B [10].
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Appendix A: Proof of Theorem 1
The proof of Theorem 1 in section III A involves the comparison of spatial orthonormal gyro-
scope systems transported along the two paths (1) and (2) of a closed infinitesimal rectangle. The
sequence (11) and figure 2 describe in detail how this transport is accomplished. We will now work
through the steps of the two different paths. First, in section A 1, we express the difference of the
final gyroscope axes by the Riemann tensor and a second term that acts as a further transformation
on the initial gyroscope axes. Second, in A 2, we will calculate this transformation, which depends
on the relative velocity and acceleration of the gyroscope systems, to first nontrivial order.
The notational conventions here are those introduced in section II B. We use the abbreviation
nX =
X√
|g(X,X)| for the normalized vector in direction X; indices α, β, γ, . . . run from 1, . . . , 3,
while indices µ, ν, ρ, . . . run from 0, . . . , 3.
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1. Structure of the result
We begin by calculating the transport of the initial gyroscope system eα(0, 0) along the path
(1) : eα(0, 0)
γ˙(t,0)−→ eα(t, 0)
Λ11(t)y e(1)α (t, 0)
γ′(t,s)−→ e(1)α (t, s)
Λ12(t,s)y f (1)α (t, s) . (A1)
At every stage of the transport we complete the spatial gyroscope system by the normalized timelike
tangent along which it is transported into a full orthonormal frame. In this way the {e(1)α (t, s)}
form a complete frame {e(1)µ (t, s)} by setting e(1)0 (t, s) = nγ′(t, s); similarly the {eα(t, 0)} form
a complete frame {eµ(t, 0)} by setting e0(t, 0) = nγ˙(t, 0) = γ˙(t, 0). The final axes f (1)α (t, s) of
the gyroscope system are constructed with the help of the Lorentz transformation Λ12(t, s) from
e
(1)
µ (t, s). These in turn are constructed from the e
(1)
µ (t, 0) by gyroscope transport along γ′(t, s),
which at this point simply is parallel transport since we assumed free fall for the transport of the
gyroscopes between the observers. Hence
f (1)α (t, s) = Λ12
µ
α(t, s)e
(1)
µ
ρ(t, 0)p(1)ρ (t, s) (A2)
expressed with respect to the basis p
(1)
µ (t, s) constructed by parallel transported of the frame
eµ(0, 0) along path
(1). Here we used the fact that the components of a parallelly transported
vector expressed with respect to a parallelly transported basis do not change along the path. Now
observe that the e
(1)
µ (t, 0) are constructed from the eµ(t, 0) by the Lorentz transformation Λ11(t),
and the eµ(t, 0) are given by parallel transport of the initial frame eµ(0, 0). Using the parallelly
transported basis p
(1)
µ and the fact that with respect to this basis eµ
ν(0, 0) = δνµ we obtain the
following result for the gyroscope system transport along path (1):
f (1)α (t, s) = Λ12
µ
α(t, s)Λ11
ρ
µ(t)eρ
σ(0, 0)p(1)σ (t, s) = Λ12
µ
α(t, s)Λ11
ρ
µ(t)p
(1)
ρ (t, s) . (A3)
We now analyze the gyroscope system transport along the path
(2) : eα(0, 0)
Λ21y e(2)α (0, 0)
γ′(0,s)−→ e(2)α (0, s)
Λ22(0,s)y f (2)α (0, s)
γ˙(t,s)−→ f (2)α (t, s) . (A4)
As above the initial spatial gyroscope axes eα(0, 0) can be completed into a full frame by means of
the normalized tangent of the path they are transported along. The final gyroscope axes f
(2)
α (t, s)
after transport along path (2) are constructed from the f
(2)
α (0, s) by gyroscope transport. In general
this is not a parallel transport but Fermi–Walker transport since we did not make any assumptions
about the path γ(t, s) at fixed s 6= 0. Introducing the basis p(2)µ (s, t) constructed by parallel
transport of the initial frame eµ(0, 0) along path
(2) we may write
f (2)α (t, s) = f
(2)
α
ρ(0, s)p(2)ρ (t, s) + t∇γ˙f (2)α ρ(0, s) p(2)ρ (t, s) +O(t2)
= f (2)α
ρ(0, s)p(2)ρ (t, s) + t
[
g(∇γ˙nγ˙ , f (2)α )nγ˙ρ
]
|(0,s)p
(2)
ρ (t, s) +O(t2) (A5)
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by using the covariant Taylor series as in (3) and the gyroscope transport equation (5). Tracing
back the f
(2)
α
ρ(0, s) to the frame eµ(0, 0) works similarly as for path (1), since they are built from
Lorentz transformations and parallel transport. So we obtain:
f (2)α (t, s) = Λ22
σ
α(s)Λ21
ρ
σp
(2)
ρ (t, s) + t
[
g(∇γ˙nγ˙ , f (2)α )nγ˙ρ
]
|(0,s)p
(2)
ρ (t, s) +O(t2) . (A6)
To simplify further we expand the components of the second term to first order in s by using the
parallelly transported orthonormal basis p
(2)
µ , the covariant Taylor series and ∇γ˙ γ˙|(0,0) = 0, which
leads to
g(∇γ˙nγ˙ , f (2)α )|(0,s) = ηµν
(∇γ˙nγ˙)µ|(0,s)f (2)α ν(0, s)
= ηµνs
(∇γ′∇γ˙nγ˙)µ|(0,0)Λ22σα(0)Λ21νσ +O(s2)
= s g(∇γ′∇γ˙nγ˙ , eα)|(0,0) +O(s2) . (A7)
The last equality is due to order counting and the fact that Λ22
σ
α(0)Λ21
ν
σ = δ
ν
α since both Lorentz
boosts cancel at the origin. Using nγ˙
ρ|(0,s) = γ˙ρ|(0,0) +O(s), we collect the following result for the
gyroscope system transport along path (2):
f (2)α (t, s) = Λ22
σ
α(s)Λ21
ρ
σp
(2)
ρ (t, s) + st
[
g(∇γ′∇γ˙nγ˙ , eα)γ˙
]
|(0,0) +O(t2) +O((t, s)3) . (A8)
We now calculate the difference between the axes of the gyroscope systems transported along the
two different paths. We use the standard theorem for the path-dependence of parallel transport (4)
to write p
(1)
ρ (t, s) = p
(2)
ρ (t, s) − stR(γ˙, γ′)eρ|(0,0) + O((t, s)3), and that Λ12µα(0, 0)Λ11ρµ(0) = δρα.
Hence
f (2)α (t, s)− f (1)α (t, s) =
(
Λ22
σ
α(s)Λ21
ρ
σ − Λ12µα(t, s)Λ11ρµ(t)
)
p(2)ρ (t, s)
+st
[
R(γ˙, γ′)eα + g(∇γ′∇γ˙nγ˙ , eα)γ˙
]
|(0,0) +O(t2, (t, s)3) . (A9)
Note that also the first line of this result is of O(st). Indeed, we already know that Λ22σα(0)Λ21νσ =
δνα and Λ12
σ
α(0, 0)Λ11
ν
σ(0) = δ
ν
α; furthermore Λ12
σ
α(t, 0)Λ11
ν
σ(t) = δ
ν
α since these transformations
act at the same point of the transport, and Λ12
σ
α(0, s)Λ11
ν
σ(0) = Λ22
σ
α(s)Λ21
ν
σ since both paths
are identical for t = 0; hence we may write
Λ22
σ
α(s)Λ21
ρ
σ − Λ12µα(t, s)Λ11ρµ(t) = st∆Λρα|(0,0) +O((s, t)3) . (A10)
Inserting this into equation (A9) yields
f (2)α (t, s)− f (1)α (t, s) = st
[
R(γ˙, γ′)eα + ∆Λραeρ + g(∇γ′∇γ˙nγ˙ , eα)γ˙
]
|(0,0) +O(t2, (t, s)3) (A11)
= st
[
P⊥γ˙ (R(γ˙, γ
′)eα) + ∆Λραeρ + g(∇γ˙∇γ′nγ˙ , eα)γ˙
]
|(0,0) +O(t2, (t, s)3) ,
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where P⊥γ˙ = δ + nγ˙ ⊗ g(nγ˙ , ·) denotes the projection orthogonal to γ˙.
Observe that the expression derived above already has the structure found in Theorem 1.
2. Detailed calculation
Two points remain to be proven: we need to show first that ∆Λ0α|(0,0) = −g(∇γ˙∇γ′nγ˙ , eα)|(0,0)
so that the third term in (A11) is cancelled, and second that the spatial components ∆Λβα|(0,0)
have the form claimed in (13).
To extract ∆Λρα|(0,0) from (A10) we calculate the ∂s∂t derivative and evaluate it at (t, s) = (0, 0):
∆Λρα|(0,0) = −∂s∂t(Λ12µα(t, s))|(0,0)Λ11ρµ(0)− ∂s(Λ12µα(t, s))|(0,0)∂t(Λ11ρµ(t))|0 . (A12)
The Lorentz transformations of interest are fixed by the relations
f (1)µ (t, s) = Λ12
ρ
µ(t, s)e
(1)
ρ (t, s), e
(1)
µ (t, 0) = Λ11
ρ
µ(t)eρ(t, 0) , (A13)
and by their action on the spatial frame vectors as in equation (10). With the abbreviation
N = 1− g(nγ˙ , nγ′) we find
Λ12
0
α(t, s) = g(nγ˙ , e
(1)
α )|(t,s), Λ12
β
α(t, s) = δ
β
α +
(δβσg(nγ˙ , e(1)σ )g(nγ˙ , e(1)α )
N
)
|(t,s)
(A14)
and
Λ11
ρ
0(t) = η
ρµg(nγ′ , eµ)|(t,0) , Λ110α(t) = g(nγ′ , eα)|(t,0) , (A15)
Λ11
β
α(t) = δ
β
α +
(δβσg(nγ′ , eσ)g(nγ′ , eα)
N
)
|(t,0)
. (A16)
It is now convenient to employ the following relations for the covariant derivatives of the nor-
malized tangent vectors
(∇γ′nγ˙)|(0,0) = (∇γ′ γ˙)|(0,0) + (g(∇γ′ γ˙, γ˙)γ˙)|(0,0) (A17)
(∇γ˙nγ′)|(0,0) =
( ∇γ˙γ′√|g(γ′, γ′)|
)
|(0,0)
+
(g(∇γ˙γ′, nγ′)nγ′√|g(γ′, γ′)|
)
|(0,0)
(A18)
in order to equate the required components of the Lorentz transformations and their derivatives:
Λ11
0
0(0) = η
0µg(nγ′ , eµ)|(0,0) , Λ110β(0) = g(nγ′ , eβ)|(0,0),
Λ11
δ
0(0) = η
δµg(nγ′ , eµ)|(0,0) , Λδ11β(0) = δ
δ
β +
(δδg(nγ′ , e)g(nγ′ , eβ)
N
)
|(0,0)
, (A19)
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∂tΛ11
0
0|(0) = η0µg(∇γ˙nγ′ , eµ)|(0,0) , ∂tΛ110β |(0) = g(∇γ˙nγ′ , eα)|(0,0) ,
∂tΛ11
δ
0|(0) = ηδµg(∇γ˙nγ′ , eµ)|(0,0) , (A20)
∂tΛ11
δ
β |(0) =
[ 1
2N
δδg(∇γ˙nγ′ , e()g(eβ), nγ′) +
g(∇γ˙nγ′ , nγ˙)
N2
δδg(nγ′ , eβ)g(nγ′ , e)
]
|(0,0)
,
∂sΛ12
0
α|(0,0) =
[
g(∇γ′nγ˙ , eα) + 1
N
g(nγ′ , eα)g(∇γ′nγ˙ , nγ′)
]
|(0,0)
, (A21)
∂sΛ12
β
α|(0,0) = −δβ
[ 2
N
g(∇γ′nγ˙ , e()g(eα), nγ′) +
1
N2
g(∇γ′nγ˙ , nγ′)g(nγ′ , e)g(nγ′ , eα)
]
|(0,0)
,
∂t∂sΛ12
0
α|(0,0) =
[g(∇γ˙nγ′ , eα)
N
g(∇γ′nγ˙ , nγ′) +
g(nγ′ , eα)
N
(
g(∇γ′nγ˙ ,∇γ˙nγ′) + g(∇γ˙∇γ′nγ˙)
)
+g(∇γ˙∇γ′nγ˙ , eα) +
g(nγ′ , eα)
N2
g(∇γ′nγ˙ , nγ′)g(γ˙,∇γ˙nγ′)
]
|(0,0)
, (A22)
∂t∂sΛ12
β
α|(0,0) = −δβδ
[ 2
N
(
g(∇γ˙nγ′ , e(α)g(eδ),∇γ′nγ˙) + g(nγ′ , e(α)g(eδ),∇γ˙∇γ′nγ˙)
)
+
2
N2
(
g(nγ′ , e(α)g(eδ),∇γ′nγ˙)g(∇γ˙nγ′ , γ˙) + g(nγ′ , e(α)g(eδ),∇γ˙nγ′)g(∇γ′nγ˙ , nγ′)
)
+
g(nγ′ , eα)g(nγ′ , eδ)
N2
(
g(∇γ˙∇γ′nγ˙ , 2γ˙ + nγ′) + g(∇γ′nγ˙ , nγ′)g(∇γ˙nγ′ , γ˙)
+ g(∇γ′nγ˙ ,∇γ˙nγ′)
)]
|(0,0)
.
Combining these expressions finally yields the components ∆Λρα|(0,0). We obtain
∆Λ0α|(0,0) = −∂s∂t(Λ120α(t, s))|(0,0)Λ1100(0)− ∂s∂t(Λ12βα(t, s))|(0,0)Λ110β(0)
−∂s(Λ120α(t, s))|(0,0)∂t(Λ1100(t))(0,0) − ∂s(Λ12βα(t, s))|(0,0)∂t(Λ− 110β(t))(0,0)
= −g(∇γ˙∇γ′ γ˙, eα)|(0,0) (A23)
as desired. Moreover we calculate
∆Λδα(0,0) = −∂s∂t(Λ120α(t, s))|(0,0)Λ11δ0(0)− ∂s∂t(Λ12βα(t, s))|(0,0)Λ11δβ(0)
−∂s(Λ120α(t, s))|(0,0)∂t(Λ11δ0(t))(0,0) − ∂s(Λ12βα(t, s))|(0,0)∂t(Λ11δβ(t))(0,0)
=
1
N
(∇γ˙∇γ′ γ˙)δg(nγ′ , eα) +
(∇γ′ γ˙)δ
N2
√|g(γ′, γ′)|g(nγ′ , eα)g(∇γ˙γ′, nγ′ + γ˙) (A24)
−n
δ
γ′
N
(
g(∇γ˙∇γ′ γ˙, eα) + g(∇γ˙γ
′, eα)
N
√|g(γ′, γ′)|g(∇γ˙γ′, nγ′ + γ˙)
)
.
Observing that ∇γ′ γ˙ = ∇γ˙γ′ due to vanishing torsion, and inserting the abbreviations v = ∇γ˙γ′
and a = ∇γ˙∇γ˙γ′, this is precisely the result stated in equation (13). This finally concludes the
proof of Theorem 1. 
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Appendix B: Kerr spacetime curvature functions
Here we display the explicit form of the functions from which the components of the Riemann
curvature tensor in Kerr spacetime, which are relevant for the experiment described in section IV,
are built:
C0 = 9a
4 + 8a2r2 − 8r4 + 4a2(3a2 + 2r2) cos(2θ) + 3a4 cos(4θ), (B1)
C1 = 2(Σ + 2a
2 sin2 θ), (B2)
C2 = −2a(a2 + r2) sin2 θ, (B3)
D0 = 3a
4 − 8a2r2 − 24r4 + 4a2(a2 − 2r2) cos(2θ) + a4 cos(4θ), (B4)
D1 = 10a
2 + 8r(−rs + r)− 2a2 cos(2θ), (B5)
D2 = −8a(3a2 + r(−2rs + 3r)) sin2 θ, (B6)
D3 = −4(−2a4 + a2(rs − 3r)r − r4 + a2(a2 + r(−rs + r)) cos(2θ)) sin2(θ), (B7)
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